
❯♥✐✈❡rs✐té ❆❜❞❡❧♠❛❧❡❦ ❊ss❛❛❞✐

❊❝♦❧❡ ◆❛t✐♦♥❛❧❡ ❞❡s ❙❝✐❡♥❝❡s ❆♣♣❧✐q✉é❡s

❆❧ ❍♦❝❡✐♠❛

❆❤♠❡❞ ▼♦✉ss❛✐❞

❉❡✉①✐è♠❡ ❆♥♥é❡ ❈②❝❧❡ Pré♣❛r❛t♦✐r❡

❙❡♠❡str❡ ✿ ❙✸

▼♦❞✉❧❡ ✿ ❆♥❛❧②s❡ ✸

❚❉✿ ❋♦♥❝t✐♦♥s ❞❡ P❧✉s✐❡✉rs ❱❛r✐❛❜❧❡s✿

▲✐♠✐t❡s ❡t ❈♦♥t✐♥✉✐tés

❉❡❝❡♠❜❡r ✾✱ ✷✵✷✵



P❧❛♥

✶ ❊①❡r❝✐❝❡ ✶

✷ ❊①❡r❝✐❝❡ ✷

✸ ❊①❡r❝✐❝❡ ✸

✹ ❊①❡r❝✐❝❡ ✹



❊①❡r❝✐❝❡ ✶
❊①❡r❝✐❝❡ ✷
❊①❡r❝✐❝❡ ✸
❊①❡r❝✐❝❡ ✹

❙♦❧✉t✐♦♥ ❊① ✶

❊①❡r❝✐❝❡ ✶

❞ét❡r♠✐♥❡③ ❡t r❡♣rés❡♥t❡③ ❧❡ ❞♦♠❛✐♥❡ ❞❡ ❞é✜♥✐t✐♦♥ ❞❡s ❢♦♥❝t✐♦♥s

❞♦♥♥é❡s✳

✶· f (x , y) =
√

x✷−y
√
y

✳

❆❤♠❡❞ ▼♦✉ss❛✐❞ ✸✴✷✷



❊①❡r❝✐❝❡ ✶
❊①❡r❝✐❝❡ ✷
❊①❡r❝✐❝❡ ✸
❊①❡r❝✐❝❡ ✹

❙♦❧✉t✐♦♥ ❊① ✶

❙♦❧✉t✐♦♥ ❊① ✶

Df = {(x , y) ∈ R
✷/ y > ✵ ❡t x✷ ≥ y}

❆❤♠❡❞ ▼♦✉ss❛✐❞ ✹✴✷✷



❊①❡r❝✐❝❡ ✶
❊①❡r❝✐❝❡ ✷
❊①❡r❝✐❝❡ ✸
❊①❡r❝✐❝❡ ✹

❙♦❧✉t✐♦♥ ❊① ✶

❊①❡r❝✐❝❡ ✶

❞ét❡r♠✐♥❡③ ❡t r❡♣rés❡♥t❡③ ❧❡ ❞♦♠❛✐♥❡ ❞❡ ❞é✜♥✐t✐♦♥ ❞❡s ❢♦♥❝t✐♦♥s

❞♦♥♥é❡s✳

✷· f (x , y) = ln(y)√
x−y

✳

❆❤♠❡❞ ▼♦✉ss❛✐❞ ✺✴✷✷



❊①❡r❝✐❝❡ ✶
❊①❡r❝✐❝❡ ✷
❊①❡r❝✐❝❡ ✸
❊①❡r❝✐❝❡ ✹

❙♦❧✉t✐♦♥ ❊① ✶

❙♦❧✉t✐♦♥ ❊① ✶

Df = {(x , y) ∈ R
✷/ y > ✵ ❡t x > y}

❆❤♠❡❞ ▼♦✉ss❛✐❞ ✻✴✷✷



❊①❡r❝✐❝❡ ✶
❊①❡r❝✐❝❡ ✷
❊①❡r❝✐❝❡ ✸
❊①❡r❝✐❝❡ ✹

❙♦❧✉t✐♦♥ ❊① ✶

❊①❡r❝✐❝❡ ✶

❞ét❡r♠✐♥❡③ ❡t r❡♣rés❡♥t❡③ ❧❡ ❞♦♠❛✐♥❡ ❞❡ ❞é✜♥✐t✐♦♥ ❞❡s ❢♦♥❝t✐♦♥s

❞♦♥♥é❡s✳

✸· f (x , y) = ln(x + y)

❆❤♠❡❞ ▼♦✉ss❛✐❞ ✼✴✷✷



❊①❡r❝✐❝❡ ✶
❊①❡r❝✐❝❡ ✷
❊①❡r❝✐❝❡ ✸
❊①❡r❝✐❝❡ ✹

❙♦❧✉t✐♦♥ ❊① ✶

❙♦❧✉t✐♦♥ ❊① ✶

Df = {(x , y) ∈ R
✷/ x > −y}

❆❤♠❡❞ ▼♦✉ss❛✐❞ ✽✴✷✷



❊①❡r❝✐❝❡ ✶
❊①❡r❝✐❝❡ ✷
❊①❡r❝✐❝❡ ✸
❊①❡r❝✐❝❡ ✹

❙♦❧✉t✐♦♥ ❊① ✷

❊①❡r❝✐❝❡ ✷

❞✬❛♣rès ❧❛ ❞é✜♥✐t✐♦♥ ❞❡ ❧❛ ❧✐♠✐t❡ ❞❡s ❢♦♥❝t✐♦♥s ❞❡ ♣❧✉s✐❡✉rs ✈❛r✐❛❜❧❡s

♠♦♥tr❡r q✉❡✳

lim
(x ,y)→(✶,✵)

y✸

(x−✶)✷+y✷
= ✵

lim
(x ,y)→(✵,✵)

✸x✷+xy√
x✷+y✷

= ✵

lim
(x ,y)→(✵,✵)

x✷y✷

x✷+y✷
= ✵

lim
(x ,y)→(✵,✵)

x✹+y✹

x✷+y✷
= ✵

❆❤♠❡❞ ▼♦✉ss❛✐❞ ✾✴✷✷



❊①❡r❝✐❝❡ ✶
❊①❡r❝✐❝❡ ✷
❊①❡r❝✐❝❡ ✸
❊①❡r❝✐❝❡ ✹

❙♦❧✉t✐♦♥ ❊① ✷

❙♦❧✉t✐♦♥ ❊① ✷

lim
(x ,y)→(✶,✵)

y✸

(x−✶)✷+y✷
= ✵

∀(x , y) ∈ R
✷ \ {(✶, ✵)}

y✷ ≤ (x − ✶)✷ + y✷ ⇒ y✷

(x − ✶)✷ + y✷
≤ ✶

❆❧♦rs

| y✸

(x − ✶)✷ + y✷
| ≤ |y | ≤

√

(x − ✶)✷ + y✷

❉♦♥❝

|f (x , y)− ✵| ≤
√

(x − ✶)✷ + y✷ = ‖(x , y)− (✶, ✵)‖✷

♦♥ ❞♦♥♥❡ η = ε ❞♦♥❝

∀ε > ✵; ∃η = ε > ✵ ‖(x ; y)− (✶, ✵)‖✷ ≤ η ⇒ |f (x , y)− ✵| ≤ ε

❛❧♦rs

lim
(x ,y)→(✶,✵)

f (x , y) = ✵

❆❤♠❡❞ ▼♦✉ss❛✐❞ ✶✵✴✷✷



❊①❡r❝✐❝❡ ✶
❊①❡r❝✐❝❡ ✷
❊①❡r❝✐❝❡ ✸
❊①❡r❝✐❝❡ ✹

❙♦❧✉t✐♦♥ ❊① ✷

❙♦❧✉t✐♦♥ ❊① ✷

lim
(x ,y)→(✵,✵)

✸x✷+xy√
x✷+y✷

= ✵

♦♥ ❛ ∀(x , y) ∈ R
✷

✷|xy | ≤ x✷ + y✷ ❡t x✷ ≤ x✷ + y✷

❡t

|✸x✷ + xy | ≤ ✸|x✷|+ |xy |
❆❧♦rs

|✸x✷ + xy | ≤ ✸(x✷ + y✷) +
✶

✷
(x✷ + y✷) ≤ ✹(x✷ + y✷)

❉♦♥❝

|f (x , y)− ✵| ≤ ✹
(x✷ + y✷)
√

x✷ + y✷
= ✹

√

x✷ + y✷ = ✹‖(x , y)− (✵, ✵)‖✷

♦♥ ❞♦♥♥❡ η = ε

✹
❞♦♥❝

∀ε > ✵; ∃η =
ε

✹
> ✵ ‖(x ; y)− (✵, ✵)‖✷ ≤ η ⇒ |f (x , y)− ✵| ≤ ε

❛❧♦rs

lim
(x ,y)→(✵,✵)

f (x , y) = ✵

❆❤♠❡❞ ▼♦✉ss❛✐❞ ✶✶✴✷✷



❊①❡r❝✐❝❡ ✶
❊①❡r❝✐❝❡ ✷
❊①❡r❝✐❝❡ ✸
❊①❡r❝✐❝❡ ✹

❙♦❧✉t✐♦♥ ❊① ✷

❙♦❧✉t✐♦♥ ❊① ✷

lim
(x ,y)→(✵,✵)

x✷y✷

x✷+y✷
= ✵

♦♥ ❛ ∀(x , y) ∈ R
✷

|xy | ≤ ✶

✷
(x✷ + y✷)

❉♦♥❝

(xy)✷ ≤ ✶

✹
(x✷ + y✷)✷

❆❧♦rs ∀(x , y) ∈ R
✷ \ {(✵, ✵)}

|f (x , y)| = x✷y✷

x✷ + y✷
≤ ✶

✹
(x✷ + y✷)

❉♦♥❝ ♦♥ ❞♦♥♥❡ η = ✷
√
ε

❉♦♥❝

∀ε > ✵; ∃η = ✷
√
ε > ✵ ‖(x ; y)−(✵, ✵)‖✷ ≤ η ⇒ |f (x , y)−✵| ≤ ε

❛❧♦rs

lim
(x ,y)→(✵,✵)

f (x , y) = ✵

❆❤♠❡❞ ▼♦✉ss❛✐❞ ✶✷✴✷✷



❊①❡r❝✐❝❡ ✶
❊①❡r❝✐❝❡ ✷
❊①❡r❝✐❝❡ ✸
❊①❡r❝✐❝❡ ✹

❙♦❧✉t✐♦♥ ❊① ✷

❙♦❧✉t✐♦♥ ❊① ✷

lim
(x ,y)→(✵,✵)

x✹+y✹

x✷+y✷
= ✵

♦♥ ❛ ∀(x , y) ∈ R
✷

|x✹+y✹| = |(x✷+y✷)✷−✷x✷y✷| ≤ (x✷+y✷)✷+✷(
✶

✷
(x✷+y✷))✷ =

✸

✷
(x✷+y✷)✷

❉♦♥❝ ∀(x , y) ∈ R
✷ \ {(✵, ✵)}

|f (x , y)| = x✹ + y✹

x✷ + y✷
≤ ✸

✷
(x✷ + y✷)

❉♦♥❝ ♦♥ ❞♦♥♥❡ η =
√

✷

✸
ε

❉♦♥❝

∀ε > ✵; ∃η =

√

✷

✸
ε > ✵ ‖(x ; y)−(✵, ✵)‖✷ ≤ η ⇒ |f (x , y)−✵| ≤ ε

❛❧♦rs

lim
(x ,y)→(✵,✵)

f (x , y) = ✵

❆❤♠❡❞ ▼♦✉ss❛✐❞ ✶✸✴✷✷



❊①❡r❝✐❝❡ ✶
❊①❡r❝✐❝❡ ✷
❊①❡r❝✐❝❡ ✸
❊①❡r❝✐❝❡ ✹

❙♦❧✉t✐♦♥ ❊① ✸

❙♦❧✉t✐♦♥ ❊① ✸

❊t✉❞✐❡r ❝❡s ❧✐♠✐t❡s ❡①✐st❡♥t✲❡❧❧❡s ❞❛♥s R✷❄

✶◦✮ lim
(x ,y)→(✶,✶)

✶

x−y
✲ ✷◦✮ lim

(x ,y)→(✵,✵)

sin(x)−y

x−sin(y)

✸◦✮ lim
(x ,y)→(✵,✵)

xy
x✷+y✷

✲ ✹◦✮ lim
(x ,y)→(✵,✵)

x✷+y✷+xy
x✷+y✷

✺◦✮ lim
(x ,y)→(✵,✵)

✻x✷y
x✷+y✷

✲ ✻◦✮ lim
(x ,y)→(✵,✵)

x✷y✷

x✷+y✷

❆❤♠❡❞ ▼♦✉ss❛✐❞ ✶✹✴✷✷



❊①❡r❝✐❝❡ ✶
❊①❡r❝✐❝❡ ✷
❊①❡r❝✐❝❡ ✸
❊①❡r❝✐❝❡ ✹

❙♦❧✉t✐♦♥ ❊① ✸

❙♦❧✉t✐♦♥ ❊① ✸

✶◦✮ lim
(x ,y)→(✶,✶)

✶

x−y

❙♦✐t f (x , y) = ✶

x−y

♦♥ ❛

lim
y→✶+

✶

✶− y
= −∞

❡t

lim
y→✶−

✶

✶− y
= +∞

❉♦♥❝ lim
(x ,y)→(✶,✶)

f (x , y) ♥✬❡①✐st❡ ♣❛s✳

❆❤♠❡❞ ▼♦✉ss❛✐❞ ✶✺✴✷✷



❊①❡r❝✐❝❡ ✶
❊①❡r❝✐❝❡ ✷
❊①❡r❝✐❝❡ ✸
❊①❡r❝✐❝❡ ✹

❙♦❧✉t✐♦♥ ❊① ✸

❙♦❧✉t✐♦♥ ❊① ✸

✲ ✷◦✮ lim
(x ,y)→(✵,✵)

sin(x)−y

x−sin(y)

❙♦✐t f (x , y) = sin(x)−y

x−sin(y)
♦♥ ❛

lim
x→✵

f (x , ✵) = lim
x→✵

sin(x)

x
= ✶

❡t

lim
x→✵

f (x , x) = lim
x→✵

sin(x)− x

x − sin(x)
= −✶

❉♦♥❝ lim
(x ,y)→(✵,✵)

f (x , y) ♥✬❡①✐st❡ ♣❛s✳

❆❤♠❡❞ ▼♦✉ss❛✐❞ ✶✻✴✷✷



❊①❡r❝✐❝❡ ✶
❊①❡r❝✐❝❡ ✷
❊①❡r❝✐❝❡ ✸
❊①❡r❝✐❝❡ ✹

❙♦❧✉t✐♦♥ ❊① ✸

❙♦❧✉t✐♦♥ ❊① ✸

✸◦✮ lim
(x ,y)→(✵,✵)

xy
x✷+y✷

❙♦✐t f (x , y) = xy
x✷+y✷

♦♥ ❛

lim
x→✵

f (x , x) = lim
x→✵

x✷

✷x✷
=

✶

✷

❡t

lim
x→✵

f (x , ✵) = lim
x→✵

✵

x✷
= ✵

❉♦♥❝ lim
(x ,y)→(✵,✵)

f (x , y) ♥✬❡①✐st❡ ♣❛s✳

❆❤♠❡❞ ▼♦✉ss❛✐❞ ✶✼✴✷✷



❊①❡r❝✐❝❡ ✶
❊①❡r❝✐❝❡ ✷
❊①❡r❝✐❝❡ ✸
❊①❡r❝✐❝❡ ✹

❙♦❧✉t✐♦♥ ❊① ✸

❙♦❧✉t✐♦♥ ❊① ✸

✹◦✮ lim
(x ,y)→(✵,✵)

x✷+y✷+xy
x✷+y✷

❙♦✐t f (x , y) = x✷+y✷+xy
x✷+y✷

♦♥ ❛

lim
x→✵

f (x , x) = lim
x→✵

✸x✷

✷x✷
=

✸

✷

❡t

lim
x→✵

f (x , ✵) = lim
x→✵

x✷

x✷
= ✶

❉♦♥❝ lim
(x ,y)→(✵,✵)

f (x , y) ♥✬❡①✐st❡ ♣❛s✳

❆❤♠❡❞ ▼♦✉ss❛✐❞ ✶✽✴✷✷



❊①❡r❝✐❝❡ ✶
❊①❡r❝✐❝❡ ✷
❊①❡r❝✐❝❡ ✸
❊①❡r❝✐❝❡ ✹

❙♦❧✉t✐♦♥ ❊① ✸

❙♦❧✉t✐♦♥ ❊① ✸

✺◦✮ lim
(x ,y)→(✵,✵)

✻x✷y
x✷+y✷

❙♦✐t f (x , y) = ✻x✷y
x✷+y✷

♦♥ ❛ ∀(x , y) ∈ R
✷ \ {(✵, ✵)}

x✷ ≤ (x✷ + y✷)

❉♦♥❝

| ✻x✷y

x✷ + y✷
| ≤ |✻x

✷y

x✷
| = ✻|y |

❆❧♦rs ∀(x , y) ∈ R
✷ \ {(✵, ✵)}

|f (x , y)| = ✻x✷y

x✷ + y✷
≤ ✻|y |

❝♦♠♠❡ ❧❛ ❢♦♥❝t✐♦♥ ✻|y | q✉✐ ❛❞♠❡t ❧✐♠✐t❡ ✵ ♣♦✉r t♦✉t❡

(x , y) → (✵, ✵) ❉♦♥❝

lim
(x ,y)→(✵,✵)

f (x , y) = ✵

❆❤♠❡❞ ▼♦✉ss❛✐❞ ✶✾✴✷✷



❊①❡r❝✐❝❡ ✶
❊①❡r❝✐❝❡ ✷
❊①❡r❝✐❝❡ ✸
❊①❡r❝✐❝❡ ✹

❙♦❧✉t✐♦♥ ❊① ✸

❙♦❧✉t✐♦♥ ❊① ✸

✻◦✮ lim
(x ,y)→(✵,✵)

x✷y✷

x✷+y✷

♦♥ ❛ ∀(x , y) ∈ R
✷ \ {(✵, ✵)}

✷|xy | ≤ x✷ + y✷

❞♦♥❝

|f (x , y)| ≤ ✶

✷
|xy |

❝♦♠♠❡ ❧❛ ❢♦♥❝t✐♦♥ |xy | q✉✐ ❛❞♠❡t ❧✐♠✐t❡ ✵ ♣♦✉r t♦✉t❡

(x , y) → (✵, ✵) ❉♦♥❝

lim
(x ,y)→(✵,✵)

f (x , y) = ✵

❆❤♠❡❞ ▼♦✉ss❛✐❞ ✷✵✴✷✷



❊①❡r❝✐❝❡ ✶
❊①❡r❝✐❝❡ ✷
❊①❡r❝✐❝❡ ✸
❊①❡r❝✐❝❡ ✹

❙♦❧✉t✐♦♥ ❊① ✹

❙♦✐t f : R✷ \ (✵, ✵) −→ R ❧❛ ❢♦♥❝t✐♦♥ ❞é✜♥✐❡ ♣❛r f (x , y) = ✻x✷y
x✷+y✷

▼♦♥tr❡r q✉❡ lim
(x ,y)→(✵,✵)

f (x , y) = ✵ ❞❡ tr♦✐s ❢❛ç♦♥s ✿

✶ ❞✬❛♣rès ❧❛ ❞é✜♥✐t✐♦♥✱
✷ ❞✬❛♣rès ❧❡ t❤é♦rè♠❡ ❞❡ ♣✐♥❝❡♠❡♥t✱
✸ ❡♥ ✉t✐❧✐s❛♥t ❧❡s ❝♦♦r❞♦♥♥é❡s ♣♦❧❛✐r❡s✳

❆❤♠❡❞ ▼♦✉ss❛✐❞ ✷✶✴✷✷



❊①❡r❝✐❝❡ ✶
❊①❡r❝✐❝❡ ✷
❊①❡r❝✐❝❡ ✸
❊①❡r❝✐❝❡ ✹

❙♦❧✉t✐♦♥ ❊① ✹

♦♥ ❛ ∀(x , y) ∈ R
✷ \ {(✵, ✵)}

f (x , y) =
✻x✷y

x✷ + y✷

❆❤♠❡❞ ▼♦✉ss❛✐❞ ✷✷✴✷✷


